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(VWH�DSrQGLFH�FRQWpP�D�DQiOLVH�H[DXVWLYD�DRV�UHODFLRQDPHQWRV�WRSROyJLFRV�GHVFULWRV

QR�WH[WR�SULQFLSDO�GR�&DStWXOR����,UHPRV�GLVFXWLU�RV�FDVRV�iUHD�iUHD��OLQKD�OLQKD���OLQKD�iUHD�

SRQWR�iUHD��SRQWR�OLQKD�H�SRQWR�SRQWR��1RVVDV��IHUUDPHQWDV�GH�DQiOLVH�VHUmR�D�PDWUL]�GH���

LQWHUVHFo}HV�H�D�DQiOLVH�GD�LQWHUVHFomR�GRV�FRQMXQWRV�GH�SRQWRV�

2�TXH�ID]�RV�UHODFLRQDPHQWRV�WRSROyJLFRV�GLIHULU�GD�WHRULD�GH�FRQMXQWRV�WUDGLFLRQDO

p�R�XVR�GDV�QRo}HV�GH�IURQWHLUD�H�LQWHULRU�

5(/$&,21$0(1726�È5($�È5($

$�WDEHOD�$���LQGLFD�RV����SRVVtYHLV�FDVRV�GH�UHODFLRQDPHQWR�iUHD�iUHD��LOXVWUDGRV�QD

ILJXUD� $���� (VWHV� UHODFLRQDPHQWRV� IRUDP� DJUXSDGRV� HP� TXDWUR� FRQFHLWRV�� GLVMRLQW�� RYHUODS�

WRXFK�H�LQ��3RU�VLPSOLFLGDGH���QmR�XWLOL]DPRV��FRPR�ID]�(JHQKRIHU��RV�FRQFHLWR�GH�´HTXDOµ�

´FRYHUVµ�H�´FRYHUHG�E\µ�

�� ',6-2,17���GXDV�iUHDV�VmR�GLVMXQWDV�TXDQGR�QmR�WHP�SRQWRV�HP�FRPXP�

 $�GLVMRLQW�%�⇔�$ ∩�%� �∅�

�� ,1���XPD�iUHD�HVWi�FRQWLGD�HP�RXWUD�TXDQGR�D�LQWHUVHFomR�GRV�GRLV�FRQMXQWRV

GH�SRQWRV�p�D�SUySULD�iUHD�

 $�LQ�%�⇔��$�∩�%�=�$��
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�� 29(5/$3� �� GXDV� iUHD� VH� VREUHS}HP� TXDQGR� VHXV� LQWHULRUHV� VH� WRFDP� H� � D

LQWHUVHFomR�GRV�GRLV�FRQMXQWRV�QmR�p�QHQKXPD�GDV�GXDV�iUHDV�

 $�RYHUODS�%�⇔��$ο∩�%ο�≠�∅��∧��$�∩�%�≠$��∧��$�∩�%�≠%��

�� 728&+���GXDV�iUHDV�VH�WRFDP�TXDQGR�DSHQDV�VXDV�IURQWHLUDV�VH�LQWHUFHSWDP�

$�WRXFK�%���⇔���Α ∩�Β� ≠�∅��∧���Αο∩�Βο�=�∅��

P

(1) (4) (6)

<A,disjoint,B>

A B BA

<B,in,A>

B A

<A,in,B>

A B

<A,touch,B>

(9)

A=B

<A,equal,B>

(10)

B
A

<B,in,A>

(12)

B
A

<A,in,B>

(14)

<A,overlap,B>

(16)

A B

)LJXUD�$�����5HODFLRQDPHQWRV�iUHD�iUHD
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7$%(/$�$�����5HODFLRQDPHQWRV�iUHD�iUHD

FDVR δ$�∩�δ% δ$�∩�%ο $ο ∩�δ% $ο∩�%ο $∩�% YLVmR�LQWXLWLYD

� ∅ ∅ ∅ ∅ � $�GLVMRLQW�%

� ∅ ∅ ∅ ¬∅ � �

� ∅ ∅ ¬∅ ∅ � �

� ∅ ∅ ¬∅ ¬∅ % %�LQ�$

� ∅ ¬∅ ∅ ∅ � �

� ∅ ¬∅ ∅ ¬∅ $ $�LQ�%

� ∅ ¬∅ ¬∅ ∅ � �

� ∅ ¬∅ ¬∅ ¬∅ � �

� ¬∅ ∅ ∅ ∅ � $�WRXFK�%

�� ¬∅ ∅ ∅ ¬∅ $��% $�LQ�%

�∧�%�LQ�$

�� ¬∅ ∅ ¬∅ ∅ � �

�� ¬∅ ∅ ¬∅ ¬∅ % %�LQ�$

�� ¬∅ ¬∅ ∅ ∅ � �

�� ¬∅ ¬∅ ∅ ¬∅ $ $�LQ�%

�� ¬∅ ¬∅ ¬∅ ∅ � �

�� ¬∅ ¬∅ ¬∅ ¬∅ ≠$��≠% $�RYHUODS�%
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$�WDEHOD�$���DEDL[R�LQGLFD��RV����UHODFLRQDPHQWRV�WRSROyJLFRV�SRVVtYHLV��VHJXQGR�D

PDWUL]� GH� ��LQWHUVHFo}HV�� HQWUH� XPD� OLQKD� H� XPD� iUHD�� (VWHV� UHODFLRQDPHQWRV� IRUDP

FRQGHQVDGRV�QRV�FRQFHLWRV�GLVMRLQW��WRXFK��FURVV�H�LQ��2FRUUHP�WUrV�VLWXDo}HV�GH�DPELJXLGDGH

HQWUH�RV�UHODFLRQDPHQWRV�FURVV�H�LQ��UHVROYLGDV�SRU�LQWHUPpGLR�GR�FiOFXOR�GD�LQWHUVHFomR�HQWUH

RV�FRQMXQWRV�GH�SRQWRV��(VWHV�UHODFLRQDPHQWRV�HVWmR�LOXVWUDGRV�QD�ILJXUD�$���

�� /�GLVMRLQW��$����XPD�OLQKD�H�XPD�iUHD�VmR�GLVMXQWDV�TXDQGR�QmR�WHP�SRQWRV�HP

FRPXP�

 /�GLVMRLQW�$��⇔�/ ∩�$� �∅�

�� /�LQ�$���XPD�OLQKD�HVWi�FRQWLGD�HP�XPD�iUHD�TXDQGR�VHXV�LQWHULRUHV�VH�WRFDP�H

D�LQWHUVHFomR�GRV�GRLV�FRQMXQWRV�GH�SRQWRV�p�D�SUySULD�OLQKD�

 /�LQ�$�⇔��/
ο∩�$ο

� �¬∅��∧��/�∩�$� �/��

�� /� FURVV�$� �� XPD� OLQKD� FUX]D� XPD� iUHD� TXDQGR� VHXV� LQWHULRUHV� VH� WRFDP� H� � D

LQWHUVHFomR� GRV� GRLV� FRQMXQWR� QmR� p� D� SUySULD� OLQKD� �LVWR� p�� D� OLQKD� HVWi

SDUFLDOPHQWH�IRUD�GD�iUHD��

 /�FURVV�$�⇔��/ο∩�$ο�=�¬∅��∧��/�∩�$�≠/��

�� /� WRXFK�$� ��XPD� OLQKD� WRFD�XPD�iUHD�TXDQGR� D� IURQWHLUD�GD� iUHD� LQWHUFHSWD� D

IURQWHLUD��RX�R�LQWHULRU��GD�OLQKD�H�RV�LQWHULRUHV�QmR�VH�WRFDP�

/�WRXFK��$�⇔��^�δ/∩δ$ =�¬∅��∨��/ο∩�δ$ =�¬∅�`�∧���/ο∩�$ο�=�∅��
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(12B)

<L,cross,A>

(3)

<L,disjoint,A>

(1)

<L,touch,A>

(4)

<L,in,A>

(6)

<L,in,A>

(8A)

<L,cross,A>

(8A)

<L,touch,A>

(9)

<L,in,A>

(10)

<L,touch,A>

(11)

<L,in,A>

(12A)

<L,cross,A> <L,in,A>

(14)

<L,in,A>

(16A)

<L,cross,A>

(16B)

)LJXUD�$�����5HODFLRQDPHQWRV�SRVVtYHLV�OLQKD�iUHD
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FDVR δ/�∩�δ$ δ/�∩�$ο /ο ∩�δ$ /ο∩�$ο /∩�$ UHODFLRQDPHQWR

� ∅ ∅ ∅ ∅ � /�GLVMRLQW��$

� ∅ ∅ ∅ ¬∅ � �

� ∅ ∅ ¬∅ ∅ � /�WRXFK�$

� ∅ ∅ ¬∅ ¬∅ � /�FURVV�$

� ∅ ¬∅ ∅ ∅ � �

� ∅ ¬∅ ∅ ¬∅ � /�LQ��$

� ∅ ¬∅ ¬∅ ∅ � �

�$ ∅ ¬∅ ¬∅ ¬∅ / �/��LQ�$

�% ∅ ¬∅ ¬∅ ¬∅ ≠/ ���/�FURVV�$

� ¬∅ ∅ ∅ ∅ � /�WRXFK�$

�� ¬∅ ∅ ∅ ¬∅ � /�LQ��$

�� ¬∅ ∅ ¬∅ ∅ � /�WRXFK�$

��$ ¬∅ ∅ ¬∅ ¬∅ / /�LQ�$

��% ¬∅ ∅ ¬∅ ¬∅ ≠/ /�FURVV�$

�� ¬∅ ¬∅ ∅ ∅ � �

�� ¬∅ ¬∅ ∅ ¬∅ � /�LQ�$

�� ¬∅ ¬∅ ¬∅ ∅ � �

��$ ¬∅ ¬∅ ¬∅ ¬∅ / /�LQ�$

��% ¬∅ ¬∅ ¬∅ ¬∅ ≠/ /�FURVV�$
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$�WDEHOD�$���DEDL[R�LQGLFD��RV����UHODFLRQDPHQWRV�WRSROyJLFRV�SRVVtYHLV��VHJXQGR�D

PDWUL]� GH� ��LQWHUVHFo}HV�� HQWUH� GXDV� OLQKDV�� LOXVWUDGRV� QD� ILJXUD� $���� 3DUD� FDUDFWHUL]DU

PHOKRU�RV�UHODFLRQDPHQWRV�H�DPELJXLGDGHV�VHUi�SUHFLVR�ODQoDU�PmR�GD�QRomR�GH�GLPHQVmR

GD� LQWHUVHFomR��1RWH�VH�TXH�QR�FDVR�GH� UHODo}HV� OLQKD�OLQKD��TXDWUR� WLSRV�GH� UHODo}HV� VmR

SRVVtYHLV�

�� /
�
�GLVMRLQW�/

�
��GXDV�OLQKDV�VmR�GLVMXQWDV�TXDQGR�QmR�WHP�SRQWRV�HP�FRPXP�

 /
�
�GLVMRLQW�/

�
⇔�/

�
∩�/

�
� �∅�

�� /
�
� FURVV� � /

�
� �� GXDV� OLQKDV� VH� FUX]DP� TXDQGR� VHXV� LQWHULRUHV� VH� WRFDP� H� � VXD

LQWHUVHFomR� GHILQH� XP� FRQMXQWR� GH� SRQWRV� GH� GLPHQVmR� ]HUR� �LVWR� p�� XP

FRQMXQWR�GH�SRQWRV�HVSDUVRV��

 /
�
�FURVV��/

�
�⇔�/

�

ο∩�/
�

ο�=�¬∅�∧�GLP��/
�

∩�/
�
�=�0�

�� /
�
�RYHUODS�/

�
���GXDV�OLQKDV�VH�VREUHS}HP�TXDQGR�VHXV�LQWHULRUHV�VH�WRFDP�H�VXD

LQWHUVHomR� GHILQH� XP� FRQMXQWR� GH� SRQWRV� GH� GLPHQVmR� XP� �LVWR� p�� VXD

LQWHUVHFomR�FRQWpP�SHOR�PHQRV�XPD�OLQKD��

 /
�
�RYHUODS�/

�
�⇔��/

�

ο∩�/
�

ο�=�¬∅��∧��GLP��/
�

∩�/
�
�=�1��

�� /
�
�WRXFK�/

�
���GXDV�OLQKDV�VH�WRFDP�TXDQGR�D�IURQWHLUD�GH�XPD�OLQKD�LQWHUFHSWD�D

IURQWHLUD��RX�R�LQWHULRU��GD�RXWUD�H�RV�LQWHULRUHV�QmR�VH�WRFDP�

/
�
�WRXFK�/

�
�⇔��/

�
∩�/

�
�=�¬∅���∧���/

�

ο∩�/
�

ο�=�∅��

1RWH�VH� TXH� LQFOXtPRV� QD� UHODomR� ´RYHUODSµ� RV� FDVRV� DRQGH� XPD� OLQKD� HVWi

FRPSOHWDPHQWH� FRQWLGD� HP� RXWUD�� ,VWR� IRL� IHLWR� SRU� WDQWR� SRU� WRUQDU� PDLV� FODUD� D

IRUPDOL]DomR��FRPR�SRU�FRUUHVSRQGHU�D�XPD�QRomR�FRJQLWLYD��D�QRomR�GH�´LQFOXVmRµ�p�PDLV

HYLGHQWH�TXDQGR�OLGDPRV�FRP�GRLV�FRQMXQWRV�GH�SRQWRV�GH�GLPHQV}HV�GLVWLQWDV��H�J�� OLQKD

HP�iUHD��
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7$%(/$�$�����5HODFLRQDPHQWRV�OLQKD�OLQKD

FDVR δ /�∩δ/� δ /� ∩/�

ο
/�

ο ∩ δ/� /�

ο∩ /�

ο
GLP�/�∩/�� UHODFLRQDPHQWR

� ∅ ∅ ∅ ∅ � /� GLVMRLQW /�

�$ ∅ ∅ ∅ ¬∅ � /� RYHUODS /�

�% ∅ ∅ ∅ ¬∅ � /� FURVV /�

� ∅ ∅ ¬∅ ∅ � /� WRXFK /�

�$ ∅ ∅ ¬∅ ¬∅ � /� RYHUODS /�

�% ∅ ∅ ¬∅ ¬∅ � /� FURVV /�

� ∅ ¬∅ ∅ ∅ � /� WRXFK /�

�$ ∅ ¬∅ ∅ ¬∅ � /� RYHUODS /�

�% ∅ ¬∅ ∅ ¬∅ � �/��FURVV� /�!

� ∅ ¬∅ ¬∅ ∅ � �/��WRXFK� /�!

�$ ∅ ¬∅ ¬∅ ¬∅ � �/��RYHUODS� /�!

�% ∅ ¬∅ ¬∅ ¬∅ � �/��FURVV� /�!

� ¬∅ ∅ ∅ ∅ � �/��WRXFK� /�!

��$ ¬∅ ∅ ∅ ¬∅ � �/��RYHUODS� /�!

��% ¬∅ ∅ ∅ ¬∅ � /� FURVV /�

�� ¬∅ ∅ ¬∅ ∅ /� WRXFK /�

��$ ¬∅ ∅ ¬∅ ¬∅ � /� RYHUODS /�

��% ¬∅ ∅ ¬∅ ¬∅ � /� FURVV /�

�� ¬∅ ¬∅ ∅ ∅ � /� WRXFK /�

��$ ¬∅ ¬∅ ∅ ¬∅ � /��RYHUODS /�

��% ¬∅ ¬∅ ∅ ¬∅ � /� FURVV /�

�� ¬∅ ¬∅ ¬∅ ∅ /� WRXFK� /�

��$ ¬∅ ¬∅ ¬∅ ¬∅ � /� RYHUODS /�

��% ¬∅ ¬∅ ¬∅ ¬∅ � /� FURVV /�
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1
12

2

<L1,disjoint,L 2>(1)

2 2 2

1 1 1

<L1,overlap,L 2>(2a) <L1,cross,L 2>(2b)

1
1

2

<L2,touch,L 1>(3)

1 1
2 2

1 1
2

2
(4a) <L1,overlap,L 2> (4b) <L1,cross,L 2>

2

1
1

2
2

<L1,touch,L 2>(5)

1
1

2 2

(6a) <L1,overlap,L 2>

2

1

(6b) <L1,cross,L 2>

2

1

(7) <L1,touch,L 2> (8a) <L1,overlap,L 2>

2

1

(8b) <L1,cross,L 2>

1

<L1,touch,L 2>(9)

2

1

(10a) <L1,overlap,L 2> (10b) <L1,cross,L 2>

(12a) <L1,overlap,L 2> (12b) <L1,cross,L 2> <L1,touch,L 2>(13) (14a) <L1,overlap,L 2>

(14b) <L1,cross,L 2> (15) <L1,touch,L 2> (16a) <L1,overlap,L 2> (16b) <L1,cross,L 2>

1
2

2

1 2

1

(11) <L1,touch,L 2>

2

11

2
1

2

2

1
1

2
1

2

2

1 1
2

1
2

1
2

2

1 12

2

1 1
2

)LJXUD�$�����5HODFLRQDPHQWRV�OLQKD�OLQKD�
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1R�FDVR�GH�UHODFLRQDPHQWRV�SRQWR�iUHD��R�Q~PHUR�GH�FDVRV�D�YHULILFDU�p�EDVWDQWH

UHVWULWR�� SRLV� D� IURQWHLUD� GH� XP� SRQWR� p� � YD]LD�� $� WDEHOD� $��� WUD]� RV� �� FDVRV� SRVVtYHLV�

LOXVWUDGRV�QD�ILJXUD�$���

�� 3�GLVMRLQW� �$� � ��XP�SRQWR�H�XPD�iUHD� VmR�GLVMXQWRV�TXDQGR� VXD� LQWHUVHFomR� p

YD]LD�

 3�GLVMRLQW��$�⇔��3 ∩��$� �∅�

�� 3��LQ��$���XP�SRQWR�HVWi�GHQWUR�GH�XPD�iUHD�TXDQGR�R�SRQWR�H�R�LQWHULRU�GD

iUHD�WHP�LQWHUVHFomR�

 3��LQ��$�⇔��3ο∩�$ο�=�¬∅�

�� 3�WRXFK�$���XP�SRQWR�WRFD�XPD�iUHD�TXDQGR�R�SRQWR�LQWHUFHSWD�D�IURQWHLUD�GD

iUHD�

3�WRXFK�$�⇔�3ο ∩�δ$ =�¬∅�

���������7DEHOD�$�����5HODFLRQDPHQWRV�SRQWR�iUHD

FDVR 3
ο ∩�δ$ 3

ο∩�$ο UHODFLRQDPHQWR

� ∅ ∅ 3�GLVMRLQW�$

� ∅ ¬∅ 3�LQVLGH�$

� ¬∅ ∅ 3�WRXFK�$

� ¬∅ ¬∅ �
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7DPEpP�QHVWH�FDVR��R�XQLYHUVR�D�FRQVLGHUDU�p�UHVWULWR��FRPR�PRVWUD�D�WDEHOD�$���

�� 3� GLVMRLQW� /� �� XP� SRQWR� H� XPD� OLQKD� VmR� GLVMXQWRV� TXDQGR� VXD� LQWHUVHFomR� p

YD]LD�

 3�GLVMRLQW�/�⇔��3 ∩��/� �∅�

�� 3� LQ�/� ��XP�SRQWR�HVWi�GHQWUR�GH�XPD� OLQKD�TXDQGR�R�SRQWR�H�R� LQWHULRU�GD

OLQKD�WHP�LQWHUVHFomR�

 3�LQ�/�⇔��3ο∩�/ο�=�¬∅�

�� 3�WRXFK�/���XP�SRQWR�WRFD�XPD�OLQKD�TXDQGR�R�SRQWR�LQWHUFHSWD�D�IURQWHLUD�GD

OLQKD�

3�WRXFK�/�⇔�3ο ∩�δ/ =�¬∅�

�������7DEHOD�$�����5HODFLRQDPHQWRV�SRQWR�OLQKD

FDVR 3
ο ∩

δ/

3
ο∩�/ο UHODFLRQDPHQWR

� ∅ ∅ 3�GLVMRLQW�/

� ∅ ¬∅ 3�LQ�/

� ¬∅ ∅ 3�WRXFK�/

� ¬∅ ¬∅ �
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1R�FDVR�GH�GRLV�SRQWRV��GHYH�VH�FRQVLGHUDU�DSHQDV�D�LQWHUVHFomR�GH�VHXV�LQWHULRUHV�

FRPR�PRVWUD�D� WDEHOD���$��$GRWDPRV�R� WHUPR�´RYHUODSµ� HP� OXJDU�GH�´LQµ�SRU�DQDORJLD�DR

FDVR�GH�UHODFLRQDPHQWRV�OLQKD�OLQKD�

�� 3
�
�GLVMRLQW��3

�
����GRLV�SRQWRV�VmR�GLVMXQWRV�TXDQGR�QmR�VH�LQWHUFHSWDP�

 3
�
�GLVMRLQW��3

�
�⇔�3

�
∩�3

�
� �∅�

�� 3
�
�RYHUODS�3

�
���GRLV�SRQWRV��VH�VREUHS}HP�TXDQGR�VHXV�LQWHULRUHV�VH�WRFDP�

 3
�
�RYHUODS�3

�
�⇔��3

�

ο∩�3
�

ο�=�¬∅��

FDVR 3
�

ο∩�3
�

ο UHODFLRQDPHQWR

� ∅ 3
�
�GLVMRLQW�3

�

� ¬∅ 3
�
�RYHUODS�3

�


